We consider the problem of two-level system dynamics induced by the time-dependent field B = {a(t) cos ωt, a(t) sin ωt, ω0}, with a(t) ∝ cn(νt, k). The problem is exactly analytically solvable and we propose the scheme for constructing the solutions. For all field configurations the resonance conditions are discussed. The explicit solutions for N = 1, 2 we obtained coincide at ω = 0 in the proper parameter domain with predictions of the rotating wave approximation and agree nicely with numerical calculations beyond it.
I. INTRODUCTION
Dynamics of model two-level systems in the external fields is of fundamental interest, as this problem appears in various physical systems. They are, for instance, spin 1/2 in the magnetic field [1] , two-level atom interacting with classical field [2] , driven artificial two-level systems in superconducting Josephson devices [3] . As well this problem is significant for physical realization of quantum gates [4] . But still there are few time-dependent field configurations for which the problem is exactly analytically solved [5] [6] [7] , so in many cases the solutions are given using perturbation theory or computed numerically [8] [9] [10] .
One of the physically significant fields is linearly polarized (LP) harmonic wave. In particular, it is used in magnetic and optical resonance experiments [1, 2] . There is a number of approximate approaches to this problem. In particular, when one assumes the amplitude of the oscillating field to be small in comparison with the static field along the third axis and the frequencies of these fields are near-resonant. In this case the rotating-wave approximation (RWA) is valid and one can easily get the solutions known as Rabi oscillations [1] . The understanding of magnetic resonance, meaning the resonance conditions, is based on these approximative treatment, and, for example, the resonance frequency is given by series in the amplitude (the first correction is called Bloch-Siegert shift) [11, 12] . On the other hand, not so long ago this problem was shown to be exactly analytically solvable in terms of Heun functions [7] . But as the apparatus of the latter is not developed enough, it is quite difficult to extract physical information from the solutions.
In this Letter we consider the generalization of the Rabi field which at different values of parameters corresponds to several physically significant situations: nonlinearly modulated Rabi field, N-soliton pulse and the linearly polarized field, which approximates harmonic one. We succeed to obtain explicit analytical expressions de- * Electronic address: yulia.bezvershenko@gmail.com,holod@ukma.kiev.ua scribing dynamics of a two-level system in the proposed time-dependent field and, consequently, to get conditions of resonance in it. The emphasis should be laid on the third field configuration, as it reflects the idea to replace the cosine potential with another one resembling it with arbitrary accuracy but corresponding to the exactly solvable problem in terms of well-developed functions. The exact results we obtained coincide at small amplitude of the field and near-resonant frequencies with predictions under the RWA, while beyond it they are in agreement with numerical calculations of the problem with the linearly polarized harmonic field. The resonance conditions in the analytic form for this field, in particular, reproduce at small field amplitude the Bloch-Siegert shift.
II. FORMULATION OF THE PROBLEM
We consider the problem of a two-level system dynamics in the external field
where a(t) = N kνcn(νt, k), N ∈ Z. Here cn(νt, k) denotes the Jacobi (cnoidal) elliptic function of modulus k, 0 < k < 1 [13] . Let ut analyze briefly the range of physical situations given by the field B(t) [14] . For the arbitrary parameters it can be understood as nonlinearly modulated Rabi field, meaning the nonlinear function a(t) rather than constant amplitude a in B R (t) = {2a cos ωt, 2a sin ωt, ω 0 } [1] . In the case k = 1 the amplitude is a(t, k = 1) = N νsechνt, so the field is rotating with the N -soliton envelope [5] . The third situation occurs under ω = 0 : B LP (t) = {2a(t), 0, ω 0 }. If the limit N → ∞, k → 0 (N k = const) is taken, this field is exactly the linearly polarized harmonic wave. There is also an approximate limit, valid for appropriately small k, when cn(νt, k) ≈ cos(
is the complete elliptic integral of the first kind. As the period of the cnoid is 4K(k), due to definition of the frequency we obtain Ω = νπ/[2K(k)] as an "effective frequency" of the cnoidal field. Therefore, finding the dynamics in the field (1), setting ω = 0 and employing the range of small enough k gives solution to the problem with the field {cos Ωt, 0, ω 0 }.
The Hamiltonian of our problem has the form:
withσ = {σ i } -Pauli matrices. Let |± be the eigenstates of operatorσ 3 with eigenvalues ±1, respectively. The evolution of a generic state of a two-level system
Considering the form of Hamiltonian (2) for the given choice of fields, we have the system of equations for amplitudes C ± (t):
(4) We will choose the initial conditions as
meaning that the dynamics starts from the |+ -eigenstate.
III. SCHEME FOR CONSTRUCTING THE SOLUTIONS
Introducing new variables C ± (t) = e ±ıω0t/2 C ± (t) the system of Eqs. (4) can be reduced to independent equations of the second order. In terms of the dimensionless variables they take the following form
where snτ, cnτ, dnτ are the Jacobi elliptic functions of modulus k, τ = νt and ∆ = (ω 0 − ω)/ν is dimensionless detuning. After the change of variable s = sn(τ, k) the equations (6) are
thus they can be classified as the equations of the Fuchs type [16] on the Riemann surface corresponding to the algebraic curve
. Two obvious limiting cases (∆ = 0 and k = 1) lead to simplification of the Eqs. (7) to the hypergeometric type which could be treated easily and are physically meaningful. In the case ∆ = 0, which means the resonance between frequencies of constant and oscillating fields, the Eq. (7) is simplified to equation of hypergeometric type, with solutions: (8) where T N (x) and U N (x) are Chebyshev polynomials of the first and second kinds, respectively. The amplitudes satisfy proper initial condition automatically. Other situation can be obtained setting k = 1, so that initial field is reduced to the rotating field with N-soliton envelope a(t, k = 1). The equations are also hypergeometric and the solution is
where P (a,b) N is the Jacobi polynomial with complex parameters a = −(1 − ı∆)/2, b = −(1 + ı∆)/2. Here it is important to mention that the initial condition should be substituted by C + (−∞) = 1, C − (−∞) = 0, as the field is non-periodic and its action starts at t = −∞.
Let us seek for solution of the equation (7) when "plus" is chosen in the form
where R 0 (s) and R 1 (s) are rational functions in s. As a result, the initial equation (7) comes up to the system of Riccati-type equations
Obviously, R 0 (s) in terms of the amplitude modulus has the form
Since solutions in both limiting cases imply that |C + | is a polynomial function, we will try f + in the form
where P 2N is a polynomial of the 2N -th order with roots e i . Then due to (12) R 0 (s) can be easily calculated. The solution of (11b) with known R 0 (s) is given by
The equation (11a) serves as the consistency condition and defines the roots e i . With known R 0 (s) and R 1 (s) one can obtain the expression for the f + due to (10) . Analogically the solution f − of (7) standing for the "minus" sign can be found. Then one needs to chose two linearly independent solutions of (7) and create linear combinations satisfying initial conditions (5) . Using this scheme we can find the solutions for N = 1
where
2 ), i = 1, 2. Here the timedependent phase
is defined in terms of the incomplete elliptic integral of the third kind Π (n; am(τ, k), k) = s 0 and am(τ, k) denotes the Jacobi amplitude function [13] .
Increase of N (physically it corresponds to the increase of the field amplitude) results in the complication of expressions for the amplitudes but doesn't change its structure. Explicit solutions for N = 2 are the following C + (τ ) = ε a (−s 2 + e 1 )(s 2 − e 2 )e ıϕ(e1,e2) + ε b (−s 2 + e 3 )(−s 2 + e 4 )e ıϕ(e3,e4) , (14a)
− ıε a (−s 2 + e 3 )(−s 2 + e 4 )e −ıϕ(e3,e4) . (14b)
Here ε a = √ −e 1 e 2 /(e 3 e 4 − e 1 e 2 ), ε b = √ e 3 e 4 /(e 3 e 4 − e 1 e 2 ),
, where "plus" stands for e 1,2 and "minus" for e 3,4 , d = ∆ 2 − 9 ∆ 2 − 1 + 12(∆k) 2 2 + ∆ 2 − 9 + 48k 2 2 ×(4∆k) 2 and the phase
where (l, n) stands for the pairs (1, 2) and (3, 4) , and Π l = Π e −1 l ; am(τ ), k .
IV. RESONANCE CONDITIONS
If the amplitudes are known, one can easily calculate the expectation values of spin momentum projections which are defined as S i (t) = Ψ(t)|σ i |Ψ(t) . They stand for the Bloch vector vector S(t), whose evolution takes place on sphere. Its third component S 3 (t), which is useful for physical interpretations, can be found in terms of the amplitudes by the expression
where the initial conditions (5) are taken into account. The problem of two-level system dynamics in the Rabi field B R , which approximates the linearly polarized harmonic field when the amplitude of latter is small and the frequencies are near-resonant (RWA), can be easily solved [1] . The third component of the Bloch vector oscillates (Rabi oscillations) due to
where Ω R = ∆ 2 + 4a 2 is the Rabi frequency and ∆ = ω − ω 0 is the detuning between the rotating and the constant field frequencies.
The term resonance we will refer to the situation when under some special relations involving characteristic frequencies, system evolves from |+ to |− state, thus minimum of S 3 (τ = τ 0 ) is −1. In the Rabi field B R the only resonance condition is ω = ω 0 , then the system performs oscillations with the period T R = π/a between states. The situation when the characteristic period of the dynamics is T R we will designate as the Rabi resonance.
In the nonlinearly modulated Rabi field ω = ω 0 is not enough to satisfy S 3 (τ 0 ) = −1. Using the explicit expressions for the amplitudes given by (8) we obtain
Thus T N (−k res ) 2 = 0 is the additional resonance condition (Fig. 1) . For the situation of the N-soliton pulse (k = 1) the only resonance condition is ν = ω 0 . In the case of two-level system driven by B LP (τ ), S 3 (τ ) can be calculated for N = 1, 2 using explicit expressions (13)- (14) . Our analytic results are in good agreement with numerical calculations for the linearly polarized harmonic wave in wide range of parameters (see Fig. 2 ). As the field B LP (τ ) has two characteristic frequencies: ω 0 and Ω, the expected resonance condition is
For small k the last expression can be expanded as series
For N = 1, k plays the role of the constant amplitude a in the corresponding B R , thus (18) coincides with expression for the Bloch-Siegert shift [11, 12] . Our results are expected to be consistent with Rabi theory when RWA works. In the terms used here it corresponds to the approximate resonance condition ν = ω 0 (∆ = 1). For N = 1 under this relation the expression for the S 3 (τ ) can be simplified
In the corresponding Rabi field B R dynamics is given by S 3 (τ ) = cos kτ, as a = k. Therefore, simultaneous satisfaction of sn(τ 0 , k) = 0 and cos(kτ 0 ) = 1 (τ 0 = 2mK(k), m ∈ Z and τ 0 = π(2n + 1)/k, n ∈ Z, respectively) gives values of k corresponding to Rabi resonance. The ratio m/(2n + 1) have to be an integer, we set n = 0 for brevity. Using the known relation between the incomplete elliptic integral of the first kind K(k) and the hypergeometric function [13] , the resonance condition for N = 1 takes the form k 2 F 1 (1/2, 1/2; 1; k 2 ) = 1/m. It can be generalized for the arbitrary N, meaning that Rabi resonance occurs under
The solutions presented here under resonance conditions ν = ω 0 and (19) are consistent with the results of the numerical integration of the problem with linearly polarized harmonic wave of the same amplitude and frequency. As well, they resemble dynamics predicted under the RWA (Fig. 3) . If one is interested to study dynamics of the two-level system induced by the linearly polarized harmonic field in the extended range of amplitudes of time-dependent field, it is necessary to calculate solutions with higher N due to the proposed scheme. As the amplitude is N k, the increase of N also allows to decrease k making the approximation better.
If under a two-level system the spin 1/2 system is regarded, the results obtained here can be easily generalized to the spin j system (equivalently, to 2j + 1 noninteracting spins 1/2). The amplitudes C ± (t) with respect to the initial conditions (5) form the matrix of evolutionû(t) ∈ SU(2), with the elements α = C + , β = −C * − . With knownû(t) one can get the solution for the spin j system due to the well-known procedure (see for detail [17] ).
V. CONCLUSIONS
In this work we have considered the problem of twolevel system dynamics induced by the external timedependent field, expressed in terms of the Jacobi elliptic function (cnoid). We presented the scheme for constructing the exact solutions of the Schrödinger equation with such a field and used it to calculate explicit expressions for the amplitudes. At different parameters the chosen field corresponds to three physical situations: a nonlinearly modulated Rabi (rotating) field, with k = 1 it is the N-soliton pulse and with ω = 0 and small enough k it resembles linearly polarized harmonic wave. For all these field configurations we discussed the resonance conditions. In particular, in the case of linearly polarized field the resonance condition in the analytic form reproduce at small field amplitude the Bloch-Siegert shift. The explicit solutions for N = 1, 2 with ω = 0 are shown to coincide at small field amplitudes and near resonance with predictions of the rotating wave approximation and to be in good agreement with numerical calculations in the wide range of field parameters beyond it.
